Abstract In this paper, we study the extension theory to L-fuzzy closure spaces, where L is a strictly two-sided, commutative quantale lattice. We give new notions such as L-fuzzy stack, L-fuzzy c-grill and trace of a point. Also, we construct order relation and equivalence relation between two extensions. Also, We introduce the concept of a principal extension of L-fuzzy closure space and study some of its applications.
Introduction
In crisp topology, extension theory has been intensively studied for completely regular spaces and is fairly well developed for T 0 topological spaces (see for example [1] ). Some basic concepts on extensions of closure spaces are introduced and results on embedding of closure spaces in cubes are studied by Gagrat and Thron [2] , C ech [3] and Thron and Warren [4] . A general theory of extensions of G 0 closure spaces is introduced and investigated by Chattopadhyay and Thron [5] . In fuzzy setting, particular type of extension such as compactifications, completions of fuzzy topological spaces and fuzzy uniform spaces have been studied [6] [7] [8] . In [9] , Chattopadhyay, Hazra and Samanta introduced for the first time, a general concept of extensions of fuzzy topological spaces and provided a method of construction of T 0 principal extension of a T 0 fuzzy topological space.
In this paper, we need to study the extension of L-fuzzy closure space which defined by Kim [10] , as follows:
In Section 2, we introduce the notions of L-fuzzy grills, L-fuzzy c-grills and a homeomorphism between two L-fuzzy closure spaces and study some results on it. In addition, we define a base for the r-L-fuzzy closed sets in L-fuzzy closure space.
In Section 3, we study the extension theory to L-fuzzy closure spaces, where L is a strictly two-sided, commutative quantale lattice. We give new notions such as L-fuzzy stack, L-fuzzy c-grill and trace of a point. We present the trace T ðy;EÞ of the point y with respect to the extension E and the trace system X E of the extension E. Also, we study some of its properties. Furthermore, we define a principal extension of L-fuzzy closure space and provide some results on it.
Preliminaries
Through this paper, let X be a non-empty set, L = (L, 6, x,¯, 0, 1) a complete lattice where 0 and 1 denote the least and the greatest elements in L, L 0 = L À {0}. Definition 2.1 (8, 11) . A complete lattice (L, 6, x) is called a strictly two-sided, commutative quantal (scq-lattice, for short) iff it satisfies the following properties: 
In this paper, we assume that (L, 6, x,¯, 0 ) is an scqlattice, where¯is defined as follows:
In particular, the unit interval ([0, 1], 6, x,¯, 0 ), where x = Ù,¯= Ú, is scq-lattice with a strong negation a
0 ) be an seq-lattice with a strong negation. Then for each x, y, z 2 L, {y i :i 2 C} Ì L, we have the following properties:
All algebraic operations on L can be extended pointwise to the set L X as follows: for all
Definition 2.4 10. An L-fuzzy closure space is an ordered pair (X, c), where c:L X · L 0 fi L X is a mapping satisfying the following axioms: Definition 2.6. Let (X, c) be an L-fuzzy closure space and
is an L-fuzzy closure space and is called a subspace of (X, c). In the following, we define the notions of L-fuzzy stack, L-fuzzy grill and L-fuzzy c-grill in L-fuzzy closure space. Definition 2.10. Let X be a nonempty set. A mapping S:L X fi L satisfying
L is an L-fuzzy stack on X such that it satisfies the following conditions:
Definition 2.13. Let (X, c) be an L-fuzzy closure space. For all
Theorem 2.14. Let (X, c) be a T 0 L-fuzzy closure space. Then for all x, y 2 X, G x = G y implies x = y.
Proof. Let x, y 2 X be such that x " y. Since (X, c) is T 0 , then there exists r-L-fuzzy closed set k such that k(x) " k(y). Thus, Thus, G x is an L-fuzzy c-grill on X.
Conversely, suppose that (X, c) is an L-fuzzy closure space such that G x is an L-fuzzy c-grill in (X, c) for each x 2 X.
Extension of L-fuzzy closure space
In this section, we define an extension of L-fuzzy closure space, a trace of the point with respect to the extension, a trace system of the extension and a principal extension of L-fuzzy closure space. Also, we provide some results on it. ) is an embedding of (X, c).
An extension E = (a, (Y, c * )) is said to be a principal extension of (X, c) if {c
be two extensions of (X, c). Then E 1 is said to be greater than or equal to E 2 (written as E 1 P E 2 ) if there exists an LC-fuzzy continuous mapping f from Y 1 ; c
The extension ) is an embedding of (X, c).
In view of the above theorem, the following result holds.
If (X, c) and (Y, c * ) are two L-fuzzy closure spaces and a:(X, c) fi (Y, c * ) is an injective mapping, then (a, (Y, c * )) is an extension of (X, c) iff where there is no chance of confusion, we shall simply write T y for T ðy;EÞ . The trace system X E of the extension E is defined by
Theorem 3.5. Let E = (a, (Y, c * )) be an extension of (X, c), a is order-preserving and let (Y, c * ) be a topological L-fuzzy closure space. Then,
(iii) If E 1 and E 2 are two equivalent extensions of X, then
Proof. Obviously, T y ðkÞ 6 T y ðcðk; rÞÞ. Thus, T y ðkÞ ¼ T y ðcðk; rÞÞ. 
Á be two equivalent extensions of (X, c). Then there exists a homeomorphism h from Y 1 ; c (Z, c) ) is an extension of (X, c X ) and E 2 = (i 2 , (Y, c Y )) is also an extension of (X, c X ). Note that for each x 2 X; T ði 1 ðxÞ;E 1 Þ ¼ G x ¼ T ði 2 ðxÞ;E 2 Þ . Define G:I X fi I by
Theorem 3.7. Let E = (a, (Y, c * )) be an extension of (X, c). Then G y 1 6 G y 2 implies T y 1 6 T y 2 for all y 1 , y 2 2 Y. Thus, G y 1 6 G y 2 . h
The following corollary is an easy consequence of the above theorem. 
